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elements will belong to Gi after a few iterations and conse-
quently, the beam will be fully stressed, so that both cases
distinguished in Sec. 2 may be computed by the same tech-
nique. Figure 2 gives the optimal design for various values
of d.
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A Specialization of Jones9

Generalization of the Direct-Stiffness
Method of Structural Analysis

SAMUEL W. KEY*
Sandia Laboratories, Albuquerque, N. Mex.

JONES1 has presented 'a variational formulation which ac-
counts for displacement discontinuities across element

boundaries. The purpose of this Note is to present a special-
ized version of his results. For classical elasticity, Jones con-
sidered the functional

ir(tt«,a*,00 = fv (|O>*Mi.̂ r.. - pu^dv - fs

where ui = the covariant components of the displacement
vector; 0^/3* = Lagrange multipliers; Cij'rs = the contra-
variant components of the elasticity tensor; /l" = the contra-
variant components of the body force vector; T* = the con-
travariant components of the surface traction vector; V =

Fig. 1 Body with an interior surface.
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the volume of the body; SE = the exterior surface of the
body; Si = an interior surface in the bodyj SET = that
portion of the exterior surface where a traction T* is prescribed;
SEU = that portion of the exterior surface where a displace-
ment Ui is prescribed.

The superscripts and subscripts 1 and 2 in the interior sur-
face integrals denote quantities on either side of the surface.
The commas denote covariant derivatives. Figure 1 depicts
a body with an interior surface.

Taking the variation of TT results in

STT = fv

fsEu

Uij - f*8ut)dv - fSET

fSEu (ui ~~ uddwds — fsi

fsi (u^ - u*)dp*ds - fsi

Applying the divergence theorem results in

ir = - fv [(C«"t
fas* (T* - a

fsi i(2V + TV -
- fsjs- (m - u

il + u*)ds - fsi (Ui
l - u*) X

i - (2V - 2V)/2] &(uj- - uf)d

where T* = O"rs^r,s%. This result can be specialized in the
following way. The a* and /3* are selected as oc- = Ti =
C^ur,sn3- on SEU, P = i(2V - 2V) = %(C^*ur>s

lnS -
Ciir*urt9*n?) on Si. Making these substitutions in the func-
tional IT results in a new functional F :

- fsi

Taking the variation results in

5r = fv (
fsEu (Ui - Ui)5Tids - fsEt T^

fsi Jfa1 - uf)b(T^ - Ts)ds - fsi i(2li* - 2V) X
d(ml - uf)ds - fsi T^d(uil + uflds

Using the divergence theorem results in

fl1 = - JV [(C'-'-»wr..).y +
fSE- (m - Ui^Ttds - fsi %(Uil - u?) X
Tj)ds + fsi i( î1' + 2T

2* ~ T*)B(uil + uf)ds

Thus, if an arbitrary choice of displacements is made

then extremizing F for this choice results in the approximate
satisfaction of equilibrium in the interior, (Ci?>swr,s),j +
/•' = 0, stress jump, surface load equilibrium on the interior
surfaces, Tiz" + T^_ — T* = 0, the static or stress boundary
conditions, Ti = T\ the displacement boundary conditions,
u1 = u1, and the displacement discontinuities on the interior
surfaces, u^ — u? = 0. Thus, in the Direct-Stiffness method,
element displacements selected for use with this functional
need not be "compatible" along element boundaries. The
new functional F does not require an independent assump-
tion on the behavior of the Lagrange multipliers 0.1 and &
found in the functional TT. In essence, the field equations
of the functional TT involving the Lagrange multipliers have
been satisfied exactly. The functionals TT and F correspond
to the functionals M and N, respectively, discussed by Prager.2
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Shock Interaction Effect on a Flapped
Delta Wing at M = 8.2

DHANVADA MADHAVA RAO*
NASA Langley Research Center, Hampton, Va.

THE effects of wave interactions on hypersonic vehicles
have received considerable attention in recent years.

Edney1 has identified different types of interactions, and some
examples of such interactions in practical situations have re-
cently been reviewed by Korkegi.2 Although the emphasis
has been on local surface heating problems associated with
wave-interaction fields, in some instances the modification of
surface pressure distributions causes significant variations in
vehicle aerodynamic characteristics. The loss in stability of
flare-stabilized missiles caused by the interaction of bow and
flare shocks3 is an example. An analogous situation was ob-
served in a recent investigation of trailing-edge flap effective-
ness on delta wings at hypersonic speeds.4 Balance measure-
ments on a 76° swept delta wing with a 30° positively de-
flected full-span flap (conducted in the Imperial College Gun
Tunnel fitted with a M = 8.2 contoured nozzle) yielded
aerodynamic coefficients significantly below inviscid esti-
mates. Flow visualization results suggested that the loss in
aerodynamic loading was more than could reasonably be
adduced to separation effects. From pressure measurements
and oil flow studies, a considerable proportion of the flap
appeared to be influenced by the reflected wave emanating
from the intersection of the wing and flap shocks. This phe-
nomenon has been discussed in the literature5 and is well evi-
dent in the experimental flap pressure distributions on the
two-dimensional model analyzed by Hill.6
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Fig. 1 Wing shock/flap shock interaction.
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Fig. 2 Model of shock interaction on flapped delta wing.

In this Note, a simple method to estimate the reflected
wave impingement effect on the aerodynamic characteristics
of a flappaed delta wing, using a simple flow model, is pre-
sented. Experimental measurements4 have been used to
assess the proposed prediction method.

The shadowgraph presented in Fig. 1 serves to illustrate
the phenomenon under consideration. As depicted in the
sketch, the intersection of the wing and flap shocks in an in-
viscid hypersonic flow generates a merged shock, a slip layer
and a reflected wave. At hypersonic Mach numbers and
with the deflection angles of interest, the reflected wave is an
expansion, and this is the case considered here. A fall in
pressure occurs on the flap surface at the impingement posi-
tion of the reflected expansion, the pressure asymptotically
approaching the far downstream value assumed to correspond
to a single shock deflection of the freestream through the
combined angle aw + 5F via further wave reflections. The
solutions presented in Ref. 5 indicate that the approach to the
final pressure is quite rapid downstream of the first impinge-
ment, as also found experimentally.6

The distance from the flap hinge line to the first reflected
expansion is given by

sin(0jp -
cot(0w — aw) — (1)

(see Fig. 1).
The three-dimensional shock interaction on a flapped delta

in inviscid hypersonic flow is depicted in Fig. 2. The wing
shock envelope is calculated from delta wing solutions, viz.,
Babaev7 for attached leading-edge shock and Squire8 for both
attached and detached shocks. With an unswept hinge-line,
the flap shock may be reasonably assumed to be locally two-
dimensional up to the interaction. With attached wing
shock, the local Mach number upstream of the flap shock is
obtained from oblique shock theory, whereas in the case of
detached shock, conical shock solution may be used as a
reasonable approximation. Application of Eq. (1) along
conical rays then yields the reflected expansion impingement
boundary in the plane of the flap.

The calculated boundaries are compared with some ex-
perimental observations based on pressure measurements
and oil flow visualization in Fig. 3 at varying incidence angle.
The expansion impingement boundary may be approximately
located by the isobar which terminates the plateau region
and marks the beginning of pressure fall (Fig. 3a). The oil
flow (Fig. 3b) provides a direct visualization of the reflected-
expansion footprint as a curved band across the oil streaks.


